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One-dimensional propagation of a normally incident, pulsed (finite-cycle sine), electromagnetic plane wave on an isotropic,
spatially homogeneous, Lorentz half space is investigated analytically.  Detailed examinations of the reflected and transmitted fields
are made.  The inversion integral for the time-domain reflected field is expressed in terms of pole contributions and branch-cut
integrals, which are computed numerically; whereas the uniform asymptotic methodology of Oughstun and Sherman is applied to
the transmitted field. Only the contributions from the distant saddle points to the transmitted field are studied thoroughly. An
example is provided that shows that the reflection and transmission coefficients may not be ignored. Specifically, for Brillouin’s
choice of the medium’s physical parameters, the reflected field has a peak value that is 21% of the incident field’s amplitude and that
corresponds to a 21% decrease in the main signal (pole contributions) of the transmitted field when the transmission coefficient is
unity.  This work generalizes past formulations by accounting for reflection from the medium and by addressing how inclusion of
frequency-dependent transmission and reflection coefficients affects the fields.

Pulsed propagation Reflected field
Dispersive media Transient propagation
Transmitted field

UNCLASSIFIED UNCLASSIFIED UNCLASSIFIED UL

52

July 29, 1998

NSN 7540-01-280-5500 Standard Form 298 (Rev. 2-89)
Prescribed by ANSI Std 239-18
298-102

i

Final

PE - 61153N
TA - LR0210543

Office of Naval Research
Arlington, VA 22203



CONTENTS

LIST OF  FIGURES .................................................................................................................................. iv

LIST OF TABLES ..................................................................................................................................... v

1.  INTRODUCTION ................................................................................................................................ 1

2.  DERIVATION OF FIELDS IN TIME AND FREQUENCY DOMAINS ............................................ 2

3.  EVALUATION OF REFLECTED FIELD ........................................................................................... 6

3.1 Example of Reflected Field.................................................................................................. 12
3.2 Early-Time Field Behavior................................................................................................... 16

4.  EVALUATION OF TRANSMITTED FIELD ...................................................................................... 20

4.1 Inclusion of Transmission Coefficient in Transmitted Field ................................................ 20
4.2 Saddle Point of φ .................................................................................................................. 22
4.3 Contributions from Distant Saddle Points ........................................................................... 26
4.4 Example of Transmitted Field .............................................................................................. 29

5.  SUMMARY AND CONCLUSIONS ................................................................................................... 32

6.  ACKNOWLEDGMENT ....................................................................................................................... 33

REFERENCES ........................................................................................................................................ 33

APPENDIX .............................................................................................................................................. 37

iii



iv

LIST OF FIGURES

Fig. Page No.

1 Propagation geometry ..........................................................................................................   3
2 Cut complex plane for Lorentz model of refractive index n ................................................   4
3 Closed Jordan contour C CFU1 +  for reflected field when τ < 0 .........................................   7
4 Closed Jordan contour C CFL nn+ ∑ =1

13 for reflected field when τ < 0 ..................................   9
5 Behavior of the reflection coefficient R vs carrier frequency ωc ........................................ 13
6 Reflected fields at z = – –10 5 m when boundary is perfectly conducting and ..................... 15

when medium is dispersive
7 Closed Jordan contour C CFL1 +  for high-frequency reflected field ................................... 18
8 Early-time and high-frequency fields vs time ...................................................................... 20
9 Sommerfeld precursor and associated functions vs normalized time θ at ............................ 31

z = – –10 5 m in Lorentz medium
A1 Refractive index n over the cut complex plane for Brillouin’s parameter ........................... 43
A2 Cross-sectional views of refractive index for Brillouin’s parameters .................................. 44
A3 Transmission coefficient T over the cut complex plane for Brillouin’s parameters ............. 45
A4 Cross-sectional views of transmission coefficient for Brillouin’s parameters ..................... 46
A5 Reflection coefficient R over the cut complex plane  for Brillouin’s parameters ................ 47
A6 Cross-sectional views of reflection coefficient for Brillouin’s parameters .......................... 48



LIST OF TABLES

Table Page No.

1 Values of the angles α, ψ,α´, and ψ́ .....................................................................................   8
2 Eight values of ωcand associated parameters relevant to Fig. 6 ......................................... 14
3 Comparison of computed values of distant saddle points from two polynomials ............... 24
4 Comparison of computed values of near saddle points from two polynomials ................... 25
A1 Transmission coefficient evaluated at near and distant saddle points .................................. 42

v







FREE SPACE (z < 0)
[µ0, ε0]

E
i
 y y

x

z

DISPERSIVE MEDIUM (z > 0)
[µ0, ε(ω) = ε0εr(ω) = ε0n2(ω)] 



ω′′

ω = ω′ + iω′′

ω − ω′−

ω − ω−

ω − ω′+

ω − ω+

−ω1

ω′− ω− ω+ ω′+

α′

−ω0 −ω0
ω′

−ω1

−iδ
α′ψ′ ψ′D+ B+

D− B−

ρ′ ρr′ r

E+
E–

A+
A–







ω′′

ω′
ωc

i(F + a)

ia F + ia– F + ia

CFU

C1

–ωc





ω′′

ω′

i(–F + a)

ia F + ia– F + ia

CFL

C1

–ωc ωc

C12
C11

C13

C9
C8

C10

ω′– ω–

C6 C5

C7

C3
C2

C4ω′+ω+









0.2

0.4

Im[R(ωc)]

Re[R(ωc)]

–0.8

–0.6

–0.4

–0.2

21 3 4 5

R
ea

l a
nd

 Im
ag

in
ar

y 
P

ar
ts

 o
f R

ef
le

ct
io

n 
C

oe
ffi

ci
en

t

Normalized Carrier Frequency 

ωc

ω0

(b)(a)

Normalized Carrier Frequency

M
ag

ni
tu

de
 o

f R
ef

le
ct

io
n 

C
oe

ffi
ci

en
t 

1.0

0.8

0.6

0.4

0.2

0
0 1 2 3 4 5

ωc

ω0

(c)

Normalized Carrier Frequency

–0.5

–1.0

–1.5

–2.0

–2.5

–3.0

1 3 4 52

A
rg

um
en

t o
f R

ef
le

ct
io

n 
C

oe
ffi

ci
en

t

ωc

ω0





20 40 60 80

1.0

0.5

–0.5

–1.0

0

 R
ef

le
ct

ed
 F

ie
ld

s

1.0

100
θ

 R
ef

le
ct

ed
 F

ie
ld

s

 R
ef

le
ct

ed
 F

ie
ld

s

0.5

–0.5

–1.0

1.0101.005 1.015 1.020
θ

(e)

Normalized Time

1.2 1.4 1.6 1.8 2.0

–0.5

–1.0

1.0

0.5

 R
ef

le
ct

ed
 F

ie
ld

s

–0.5  R
ef

le
ct

ed
 F

ie
ld

s

θ

1.041.02 1.06 1.08 1.10 

1.0 1.0

0.5

–1.0

θ

0.5

–0.5

–1.0

1.01 1.02 1.03 1.04
θ

1.0101.005 1.015 1.020

 R
ef

le
ct

ed
 F

ie
ld

s

1.0

0.5

–0.5

–1.0

θ

(h)

Normalized Time

(f)

Normalized Time

0.002

0.015

0.001

0.005

–0.005

–0.001

–0.015

–0.002

1.005 1.001 1.015 1.002

 R
ef

le
ct

ed
  F

ie
ld

s

θ

(g)

Normalized Time

(c)

Normalized Time

(a)

Normalized Time

(d)

Normalized Time

(b)

Normalized Time

–1.0

1.0

0.5

–0.5

1.005 1.010 1.015 1.020

 R
ef

le
ct

ed
  F

ie
ld

s







ω′′

ω′

i(–F + a)

ia F + ia– F + ia

CFL

C1





1.0005

–0.025

–0.050

–0.075

–0.100

–0.125

–0.150

–0.175

1.0001 1.0015 1.0002 1.0025
θ

E
ar

ly
-T

iim
e 

an
d 

H
ig

h-
F

re
qu

en
cy

 R
ef

le
ct

ed
 F

ie
ld

s

Normalized Time

   
r
y,hfE

   
r
y,etE























0.0008

0.0004

1.00 1.01 1.02 1.03 1.04
Normalized Time

0

θF
irs

t P
ac

ke
t o

f S
om

m
er

fe
ld

 

S
ec

on
d 

P
ac

ke
t o

f S
om

m
er

fe
ld

 

P
re

cu
rs

or
S(z

,θ
,0

) 

0.0008

0.0004

0

 S
om

m
er

fe
ld

 P
re

cu
rs

or
 

S(z
,θ

) 

(a)

1.00 1.01 1.02 1.03 1.04
Normalized Time

θ

(c)

1.00 1.01 1.02 1.03 1.04
Normalized Time

θ

θ

0.0008

0.0004

–0.0008

–0.0004

0

S(z
,θ

,T
0) 

S(z
,θ

) –
 

SO
(z

,θ
) 

(b)

1.00 1.01 1.02 1.03 1.04
Normalized Time

(d)

–0.0008

–0.0004

–0.0008

–0.0004

0.000002

0.000001

–0.000001

0























(a) (b)

(c) (d)

–2
–4
–6
–8

0
2.0
1.5
1.0
0.5

0

|n(ω)|

–2
–1

0
1

2

ω′
ω0

–2

–1

0

1

2

ω0

ω″

2.0
1.5
1.0
0.5

0

Re[n(ω)]

–2
–1

0
1

2 2

ω′
ω0

–2

–1

0

1

2

2

arg[n(ω)]

ω′
ω0

–2
–1

0
1

2
–2

–1

0

1

2

ω0

ω″

ω0

ω″
ω0

ω″

0.5

–0.5

Im[n(ω)]

ω′
ω0

–2
–1

0

0

1
–2

–1

0

1

2



 20.0

 17.5

 15.0

 12.5

 10.0

 7.5

 5.0

 2.5

–4 –2 2 4

(a)

ω  = –0.0699ω0``

|n(ω)|

ω0  
ω  ̀

–2 –1 1 2

20

15

10

5

ω  = –0.0699ω0``

Re[n(ω)]

ω0  
ω  ̀

2

1

–1

–2

–2 –1 1 2

–3

–4

–5

–6

–7

–8

(b)

(c) (d)

ω  = –0.0701ω0``

ω  = –0.0699ω0``

arg[n(ω)]

ω0  
ω  ̀

20

15

10

05

–05

–10

–15

–20

–2 –1 1 2

ω  = –0.0699ω0``

ω  = –0.0701ω0``

Im[n(ω)]

ω0  
ω  ̀





–3–4 –2 –1 1 2 3 4

2.0

1.5

1.0

0.5

(a)

ω  = –0.0699ω0``

|T(ω)|

ω0  
ω  `

–4

(c) 

ω  = –0.0699ω0``

Re[T(ω)]

–3 –2 –1 1 2 3 4

2.0

1.5

1.0

0.5

ω0  
ω  `

(b)

ω  = –0.0701ω0``

ω  = –0.0699ω0``

arg[T(ω)]

1.5

1.0

0.5

–0.5 

–1.0

–1.5

–1–2 1 2 ω0  
ω  `

(d)

ω  = –0.0701ω0``

ω  = –0.0699ω0``

Im[T(ω)]

0.5

–0.5

–1.0

–1 1 2–2

1.0

ω0  
ω  `





(a)

1.0

0.8

0.6

0.4

0.2

–2 –1  1  2

|R(ω)|

ω  = –0.0699ω0``

ω0  
ω  ̀

–2 –1  1  2

ω  = –0.0699ω0``

ω  = –0.0701ω0``

ω0  
ω  ̀

(b)

arg[R(ω)]

3

2

1

–1

–2

–3

(c) 

ω  = –0.0699ω0``

Re[R(ω)]

ω0  
ω  ̀

– 4 – 2  2  4

1.0

0.5

– 1.0

– 0.5


